
Math 451: Introduction to General Topology
Lecture 9

Before we prove the existence of a completion
,

we needbe discuss pseudo-metric spaces.

Def . A presdo-metric on a set X is a function & : XXX-10
, a) schifing :

(i) d(yx) = 0 Vx=X
.

(ii) d(x
, j) = d(x

,3)+yeX.

(iii) Triangle inequality : ((x, z) = d(x, y) +dly,
z) Vx

,y, zEX .

Call (X ,
d) a preudo-matric space.

Given a pseudo-metric space ,
define an equivalence relation o on X by

x -y
: (=)d(x, s) = 0 .

Then we can turn the quotiento into a metric space as follows
.

Let [x] decote

the equivalence clas of xeX
,

so [x] = 3yeX : &(x
,3) = 03 .

Then define : ***- 10
,
0

by (x) , [y]) := &(3) ·

This is well-defied
,

i
. e

.
if xex and young When

d(x
,
s) = d(xi

, >1) ,
which holds by A inequality :

d(x
, 3) = d(x

,
x)) + d(x

,
y)) + d(y) , y) = d(x)

,
y))

and = is by symmetry .
The triangle inequality in easyho verify ,

so it is a metrix

on *
.

Then the quotient map it : X+Y ** is an "iometry" : for all x
,stX,

M

d(iT(x)
, ii(y)) = d(x

, 3) .

Proof of the existence of completion. It (x, e) be a metric space . Let Canchy(X):= all
Cauchy sequences

in X
,
in particular, Carchy(X)[X* We will make this a pseudo-

metric space whose quotient metric space will be our completion (, ).
Define D : Cauchy(X)*-> 10

,
8) by

D((Xu)
, (yn)) :

=lim dixu
,Y)



Claim 1
.
The

Sequence (d(x ,yn)) = IR is Camely and therefore has a limit in IR.

Proof. For each 20 fix NEW st
. FumiN ,

dkxn
,
xul < 3/2 and Alsaisal < 912. Then

Mkxniyal = R(xn
,
Xm) + d(xm

,
Ym) + PlymiYule E + dkxm

, um) + E = dkxm
,Ym) + 2

,
and

& (xm , ym) => &(xm
,
xn) + &(xn

, yu) + &130 s Iml = 312 + &kxn
, ya) + Esz = &kxa

, Yul + 2
, so

-3-d(xn ,
yu) - d(xm

, Ym) = 3
,

i
.e .
(dkn

, yn) - &(Xm , Ym)l - 3
,

so indeed 1dk
,
yu)) =IR is Candy.

It is quick to verify that the triangle inequality holds for D
, making it a prenso-

metric on Carchy (4) . C4(X ,
d) be the quotient metric space .

We mode that (x
,
d)

1

isometrically injects into X by X <> X ; indeed ,
for

any x .gEX ,

x +[(x
,

x
,
x
, ...
)]

& (((x
,
x
,

... 77
, (1, 9 ,

... 27) : = D/(X,X, . . .
)

, ly , y , ... 1) = him d(xs) = d(x,3) .
It remains to show

that(
, i) is complete and we do not ed 6 verify that* X Lease

-

if not
,
then the completion of X would by ** . (Although it is true

that & = *. HW(

Claim?. For any Cacaly (xn][X and any subsequence (nol ,
(Xa)w (a)

,

i
. e.

D ((Xk)
,
(n)) = lind(x ,Xu

Proof. For any 330 let N be such Bet diam (N , XNH ,
... <2

,
then FK

-

N
,

we

have MeIN and &(X
, Ynn) -

> diam(XN
, X N+ ,

. . . 3 < S.

This sys that when given /IXn]EY ,

we can more do a faster subsequence (ur
within the same equivalence class [(x].

To prove Wat (X ,
) is complete ,

take a Cauchy Sequence (**)KEE*.

By moving to a fast subsequence of (XK) and then choosing a fast representative (x)nEN
for each KEN and nik

,
we may assume *: xix(X, Y X5 ...

(i) d (x
,
X*n) < ti *2: xix2XXX ...

Z

(ii) d(x , x) < E .

: XiX2X3XiX3.
: xYXXXYX5-

&



It follows using (i) and hii) heat the diagonal sequence (nl is Lunchy ,
20 := ((xil] =X.

One then checks
, again using lib and (ii) that for

any
mark

,
di

,Xl =E ,
so him dlx, Xu

h+ &

-
> E ,

20 5((x)
,
(2)) = Es ,

nene *m ,
X) = E .

We leave these varification as exercise.

We will give a much cleaner
, although less intilive

,
alternative proof of the existence

of a completion by Kaplanches shortly
.

Remark. For a metric space X and a subset YEX
,

we say let h is dense in X

if" meets every nonempty open set U (i . c . EytY st .yeh ,
like KGB) .

This is

equivalent (HW) to T = X
.

Thus
,

a completies * of X is ametric space with XX

where X is dense in X and & is coglete .

To give Kaplanski's prof ,
we need the following metric space.

Space of functions with uniform metric .

For a set X and a metric
space

Y
,

let BIX
,
Y) denote the set of bounded

functions X-Y
,
where a function F : X-Y is called bounded if f(x) = sore

ball in 4
.

In this case
,

we can define the uniform metric betwee f
, g EBIX,

i)

Y n da (f
,g) : = sup dr (f(x), g(x).

x 7 X

~f This is clearly a metric ; indeed ,

dulf ,s) = P implies f=g() VxeX ,

S

SX
have fig . Also,

X dolf
,
n) = <upd + (f(x) ,

h(x)) =Sup (dy(f, g(x)
+ dylg ,ul

Xz X

->Sup dy(f(x) , g(x))+Sdyg , hxi) =dug-dug,



Theorem .
If(

, dr) is a complete ratric space then BCX
,
i) is complete with the uniform

metric du
.

Proof .
Let (ful be a da-Cauchy sequence.

Note What for each xeX
,
(fu(x) new

= Y

is dr-Sanchy bene dylfa) , fan)) =dulfu ,
ful -> O as nm+ &.

By the completeness of Y ,
the limit of Inkx) existe and we put flat := lin fulx) .

n+

We need to show t fi bod and futhut as &.

Claim ! I is bod .

Proef
. By lauchy property ,

ENEN Fa
,

R > N dulfa
,
fa) < 1

.
But Fu

,
fu(x) = Bralya

-

for come yut Y ,
10 setting N : = max (dlgo , Yn) + in : naN3 + 1

,
we get that

for all weI
,
fulX) = Br (40).

Clin2 . (f) converses
to f in the uniform metric (i . e . converges uniformly).

Preef . Fix an arbiters 220 . By the Camryness of (ful in the uniform distance,
= NEI c .

t. n
,
k > N

,
#)dulfa ,

fu) < 3/2. Now we fix us-N
, aiming to how that

dulf
,
ful =1

.

To do so
,

we show that for each xX
,
dr (f(x)

,
fulx)) = 3

,
cofix x EX.

Becase limfu(X = f(x)
,
there is KIN such that dulf(x), fel))-2/2 let) · Thus

,
*-&

di (f(x) ,
fu(x)) = d(f(x) , fu(x)) +dy(fu(x) , fu(x)) = 3 + 3/2 = 2

.

Thus
,
dulf ,

ful
=<up dylfd ,f = E

,
10 futdut a na

(a)(4)

QED


